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Superdiffusivity of Two Dimensional Lattice Gas
Models
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It was proved [Navier-Stokes Equations for Stochastic Particle System on the
Lattice. Comm. Math. Phys. (1996) 182, 395; Lattice gases, large deviations,
and the incompressible Navier—Stokes equations. Ann. Math. (1998) 148, 51]
that stochastic lattice gas dynamics converge to the Navier-Stokes equations in
dimension d =3 in the incompressible limits. In particular, the viscosity is finite.
We proved that, on the other hand, the viscosity for a two dimensional lattice
gas model diverges faster than loglogz. Our argument indicates that the correct
divergence rate is (logs)!/2. This problem is closely related to the logarithmic
correction of the time decay rate for the velocity auto-correlation function of a
tagged particle.

KEY WORDS: Hydrodynamic limit; second class particle; superdiffusivity.

1. INTRODUCTION

It is well-known that although the classical dynamics is time reversible, the
macroscopic behavior of the fluid, governed by the Navier-Stokes equa-
tions, is time irreversible. The measure on the time irreversibility is char-
acterized by the viscosity, also called the bulk diffusivity of the system.
It can be represented as the diffusion coefficient of a second class parti-
cle in the fluid. Instead of a second class particle, one can study the typi-
cal behavior of a tagged particle. Once again, even though the underlying
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dynamics is time reversible, the tagged particle is diffusive. The diffusion
coefficient in this case is called the self diffusion coefficient. The bulk and
self diffusion coefficients are two different quantities, but they share simi-
lar qualitative behavior.

The Green—Kubo formulae represent the bulk or self diffusion coeffi-
cients as time integrals over the current correlation function or the velocity
correlation function. In the fundamental work of Alder and Wainwright,(!)
it predicts that the time decay of the velocity correlation function is of
order 1~/2, here d is the dimension of the system. Since the decay is 1/¢
in d =2 is not integrable, it predicted that the self-diffusion coefficient
of the two dimensional fluid diverges. In the later work, Alder er al®
proposed that the decay in two dimension is actually r~'logs=!/ 2. How-
ever, the logarithmic correction cannot be seen from the their simulation.
This decay rate was also obtained by Forster ef al.® by a renormalization
group method. The later simulation by van der Hoef and Frenkel©® con-
firmed that there is a discrepancy to the pure algebraic decay ¢~!, but is
far from being able to determine the precise logarithmic correction.

If we formally integrate the law r~!(logr)~!/?, we obtain from the
Green—Kubo formula that the diffusion coefficient diverges as (logr)!/?
in dimension d = 2. For higher dimension, the diffusion coefficient is
expected to be finite. This was proved rigorously in various settings. For
the stochastic lattice gas models considered in Ref. 4, the bulk diffusion
coefficient is proved to be finite for d > 3. One key ingredient of these lat-
tice gas models is the asymmetric simple exclusion process. For this pro-
cess, both the bulk and self diffusion coefficients were proved to be finite
in Refs. 12 and 14 for dimension d >3. Van Beijeren ez al.® predicted via
the mode-coupling theory that the diffusivity diverges as (log#)%/? in d =2
and ¢!/3 for d =1. The two dimensional case was proved in Ref. 15; the
one dimensional case was only partly solved.(!) However, related prob-
lems in the one dimensional case was solved by integrable method.(”

In this paper, we shall proved that for the stochastic lattice model,
the bulk diffusion coefficient diverges in d =2. Following the method of
Ref. 11, we derive a series of upper and lower bounds to the diffusivity
in terms of continuous fractions for operators. If we take the first lower
bound to the diffusivity, we obtain the divergence rate in Theorem 2.1. If
one assumes that the dispersion laws of these two sequences (upper and
lower) of the continuous fractions converge, the divergence law (logr)!/2
can be obtained heuristically. See the discussion at the end of this paper.
Notice that the exponent 1/2 is different from the 2/3 in the case of the
asymmetric simple exclusion process. Since the lattice gas models are very
complicated, we do not know if the argument of Ref. 15 can be extended
to this case.
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2. THE MODEL

We recall the lattice gas models considered in Ref. 4 in dimension
d. Denote by {e;, j=1,...,d} the canonical basis of RY and let £ =
{£eq,...,%eq). Let VCRY be a finite set representing the possible veloc-
ities. On each site of the lattice at most one particle for each velocity
is allowed. A configuration of particles on the lattice is denoted by n =
{nx, x€Z% where n,={n(x,v), veV} and n(x,v)e€{0,1}, x€Z?, veV,
is the number of particlei with velocity v at x. The set of particle config-
urations is X = ({0, I}V)Z )

The dynamics consists of two parts: Asymmetric random walk with
exclusion among particles of the same velocity and binary collisions
between particles of different velocities. We first describe the random walk
part of the dynamics. Particles of velocity v perform a continuous time
asymmetric random walk with simple exclusion. A particle at x waits a
random, exponentially distributed time then chooses a nearby site x +y
according to a certain jump law and jumps there as long as the site is
not occupied by another particle of the same velocity. If there is a parti-
cle of the same velocity, the jump is suppressed and the particle waits for a
new exponential time. All particles are doing this simultaneously, and since
time is continuous ties do not occur. The jump law and waiting time are
chosen so that the rate of jumping from site x to site x+y is p(y, v) which
should be finite range, irreducible and have mean velocity v:

Y oypkv) =v.
y

For the sake of concreteness, we take in this paper p(y,v)=0 unless |y|=
> 1<j<alyjl=1 in which case

p(ej,v) =y £ (1/2)e; v

for each vector e¢; and some y >0 large enough for all rates p(e, v) to be
non-negative. The generator £ of the random walk part of the dynamics
acts on local functions f on the configuration space X by

LEHM =YY plevim [F ) = f()].

veV xezd
eef

where

p(x,e,vin) =n(x,v)[1 =n(x+e,v)] ple,v)
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is the jump rate from x to x +e for particles with velocity v and

n(y,v) if w=vand z=x,
Ux,y,v(z, w) = n(x, U) if w=v and 7=y,
n(z,w) otherwise.

The collision part of the dynamics is described as follows. Denote by
@ a collision set which preserves momentum:

Qc{ww v, w)eVivtw=v+w}.

Assume that Q is symmetric in the sense that (v, w,w’,v’), (', w’, v, w),
and (v, w’, w, v) belong to Q as soon as (v, w,v’, w’) belongs to Q. Par-
ticles of velocities v and w at the same site collide at rate one and produce
two particles of velocities v’ and w’ at that site. The generator L€ is there-
fore

LF) =D > pG.g.mIf "= fm].

yeZd geQ

where the rate p(y,q,n) is given by

r(y.q.m) =n(y,v)n(y, w) [1—ny, O] —n(y, wH]

and, for g = (vg, v1, v2, v3), the configuration n”'¢ after the collision is
defined as

P (2o u) = n(y,vj42) ifz=y. and u=v; for some 0<j<3,
’ n(z, u) otherwise,

where the sum in v;;, should be understood modulo 4.
The generator £ of the lattice gas we examine in this article is the
superposition of the exclusion dynamics with the collisions just introduced:

L=L" 4L,

Let {n(¢):t >0} be the Markov process with generator L.
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2.1. The Invariant States

We assume that the sets V and Q are chosen in such a way that the
unique conserved quantities are the local mass [y and local momentum /,,,
a=1,...,d:

Ion) =Y nx,v), la() =) (v-ed) n(x,v).

veV veV

Examples of sets V and collision dynamics with this property are easy to
produce. Consider, for example, V=& and take Q as the set of all vec-
tors (v, w, v’, w’) such that v+w=v"+w’'=0. An elementary computation
shows that the unique conserved quantities are total mass and momentum.
Ref. 4 presents another example in d =3.

For each chemical potential A = (Ao, A1, ..., Ay), denote by m) the
measure on {0, 1}V given by

1 d
mE) =755 exp{ZAala(@} : .1
a=0

where Z(X) is a normalizing constant, Ip(§) =), EW), L,(E)=D_,cp(v-
ea)E(v) for a=1,...,d. Notice that m; is a product measure on {0, 1},
i.e., that the variables {£(v):v €V} are independent under m;.

Denote by uy, the product measure on ({0, I}V)Zd with marginals given by

ma{nin(x, ) =&} =my(§)

for each £ in {0,1}Y and x in Z?. p, is a product measure in the sense
that the variables {n(x, v):x € Z¢, v eV} are independent under p;. A sim-
ple computation shows that u, is an invariant state for the Markov pro-
cess with generator £ for each A in R, x R?, that the generator L° is
symmetric with respect to ) and that £ has an adjoint £** in which
p(e,v) is replaced by p*(e, v) = p(—e, v).

The expected value of the density under an invariant state can be
computed explicitly. Fix a vector v in V and define 6,:R4*! — R, as the
expected value of n(x,v) under uy:

exp {ho+ 3 4o 1 a(v-ea))
L+exp {ro+ 291 ha(v-en))

OA) 1= Epy [n(x, v)] =
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In this formula and below, for a probability measure p, E, stands for the
expectation with respect to w. The expectation under the invariant state
ua of the mass and momentum are given by

pN) = Eullo(1)] = Y 0,(4)
veV

e () = Ep[la(n)] = ) (v-ea)0y(A).

veV

(pA),u1(A),...,uqg(d)) is the gradient of the strictly convex function
log Z(L). In particular, the map which associates the chemical potential A
to the vector of density and momentum (p,u) = (p, uy,...,uy) is one to
one. Therefore, the chemical potential A= (Ag, ..., Ay) can be expressed in
terms of (p,u): there exist a subset 2 of Ry x RY and functions A,: 2 —
R, a=0,...,d, such that

ra = Na(p(X), u(d)) 2.2)

for each A in Ry x RY. Let A = (Ao, ..., Ag). This correspondence per-
mits to parameterize the invariant states by the density and the momen-
tum: For each (p,u) in 2, let

Vo,u = HA(p,u) -

2.2. Hydrodynamical Limit Under Euler Scaling

In this subsection, we deduce the hydrodynamic equation of the
system under the assumption of conservation of local equilibrium. Fix
smooth functions p:R? — Ry, u:R? — R?. For each & > 0, denote by
v;(.) u() the product measure on X with marginals given by

vf)(.),u(.){n(X» =&} = Vp(sx),u(ex){n(oa )=§}

for each x in Z¢ and each conﬁguration £ in {0, 1}V. Assume that particles
are initially distributed according to v¢ () at()”

For j=1,...,d, let V denote the lattice gradient acting on func-

tions f:Z¢ — R by V f(z) f(@) — f(z—ej). From Ito’s formula, for
a=0,...,d, we have the conservation law

d
dlo(ne (1) =Y Viywd dt +dM(0),
j=1
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where M{(¢) are martingales and w¢ . are the currents defined by

J
d

L) =LY Io(xe,m) =Y Vil
j=l1

where

@) 5=y Vi IoOlere,) + Y _(€j-v) by j(v),
veyV
o 5=y Vi la(rye)) + Y _(ea-v)(ej-v)by j(v) and
vey
by j(v) = n(x+ej, v)n(x,v) — (1/2)[n(x +ej, v) +n(x, v)].

In this computation, the full generator can be replaced by the exclu-
sion operator because the collision operator preserves the density and the
momentum. Let aﬂ:wg’j for 0<a<d, 1<j<d.

The expectation of the mass current in the jth direction under the
local Gibbs state vf)(.)’u(‘) is denoted by 7 ; and given by
70,7 (p(ex), w(ex)) = Epe  Twl) /]

= Z(U'ej)ev(l\(p,u)) {QU(A(/O,u))—1}+)/(V;P)(€X),
veV

while the expectation of the momentum currents m, ; are given by

[wf?,j]

Ta,j(p(ex), u(ex)) == E

&
Vo))

= Z(ea'v) (ej-v) 6y (A(p, u)) {6u(A(p, w)) —1} + y(Vjua)(ex).
veV

In both formulas, on the right hand side, p and u are evaluated at ex.

Assuming conservation of local equilibrium, it is not difficult to
derive the hydrodynamic equations in the Euler scale for the lattice gas
considered in this article (cf. Ref. 8). It is given by the system of hyper-
bolic equations

dp+ Y91 05,0 =0,
dutg + 39— 0x,7a,; = 0.

Notice that the factors vV do not survive in the limit due to the
presence of a second derivative. They will appear, however, in the diffusive
scale.
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2.3. Incompressible Limit

Inserting the local equilibrium assumption into the conservation laws,
on the time scale ¢~!r one would obtain the equations

oo + el Z?:l 8xj7TO,j =yAp,
8tua + 8_1 Z?:l ijna,j = yAua .

Consider a system in which the density is near a constant and veloc-
ity is of order ¢. Expanding the mass density, the momentum density and
the mass and momentum currents, we obtain

p=pQ+epW4e2p® ...
u= eu(l)+82u(2)+~-~ s
7=104en® 427 ...

Using these expansions and assuming that the zeroth order terms of 7 are
constants, we obtain the incompressible Navier—Stokes equations

a0
2 =1 95,7, =0

1 d 2) b 1
doug + 9 0= Y, Dy, ax_,u§. )

for a=0,...,d and ug=p. Here the diffusion coefficient le"jb =y 84,0,
is a diagonal matrix. It turns out that this naive computation is correct if
the diffusion coefficient is instead given by a Green—Kubo formula.

2.4. Green-Kubo Formula

For simplicity, let ;=0 for 0< j <d so that ,(1)=1/2 for every ve
V. Denote this measure by g and let £(x, v) =n(x,v) —6,(A) =n(x,v) —
1/2.

Let 7, be the shift by x on the lattice, so that (t,n)(y, v)=n(x+y, v).
Denote by ({-,-)) =({-,-)), the scalar product defined on X by

(f.8)) =Y Eylfi el

xeZd

for two local functions f,g. Here E,[g;h] stands for the covariance
between g and h: E, [g; h]=E,[gh]l— E.[g]E.,[h]. Let Gy be the space
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of local functions satisfying
Eu.o[g] =0 and ((g,1s) =0

for 0<a<d.
Let x ={xa.p, 0 <a, b<d} be the susceptibility which in our context is
given by

Xa,b = (Ua> Ip)) = Epg[1a(mo); Ip(n0)] .
Denote by qu the part of the current orthogonal to the constants of motion:
d
of =0t =Y 00,
b=0

where the coefficients ¢*? are chosen for a]”.‘ to belong to Gy. An elemen-
tary computation shows that

d
d
ab _ 2 : a —1 _ a
cj - ((wj,le»(x )L’,b - 8abEUa[wj],
e=0
o= (g, ..., ). Moreover, for 1<a<d,

ol = y{lo(ne,) — Io(no)} + Y _(ej-v)é(e;, (O, v),

vey
of = y{la(e;) — Ia(no)} + Z(ej~v)(ea~v)é(ej, )£, v).

veV

For simplicity assume that the susceptibility is a constant times the
identity: x,.» = 84.p. A straightforward computation shows that this is the
case if the set V is a cube centered at the origin. Under this assumption,
following the computation presented in Section 2 of Ref. 10, we obtain that
for 0<a,b<d, 1<i, j<d,

1
b . . 2vsa.b
D (1) = 5= D EnglLa(e(0); Ip(n0(0))] =2V,
xezd
1 t N b
= V5a,h5i,j+ﬂ/0 ds/o dr{{of,e" aj))
1

+
2tk

t N
dsf dr((o,e*al)),
0 0
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where
b
2V = VE, [0f,]- VE,, [wg, 1+ VEva[wg’i].VEva [ ;]

and, for a local function k, VE, [h]= ((0/0c0)Ey,[h], ..., (0/0cq)E,,[h]).

In dimension d > 3, the diffusion coefficients Di“’jb (t) converge, as t 1 0o, to

the diffusion coefficients Dz’.b given by the incompressible Navier—Stokes
equations in Subsection 2.3 (cf. Ref. 4).
For 6 in R? and r in R4t let

d d
b
Do,(t) =Y > rabiD{7()0;rp.
a,b=01i,j=1

We can now state the main result. Let R} =R"\ {0}.

Theorem 2.1. Fix ¢ in R¢ and r in R?*!. In dimension d =2, there
exists a positive constant Co=Cy (6, r) so that for all sufficiently small A >0,

o0
/ dte ™ 1Dy, (1) > Cor">loglogr~!.
0

Recall that [;° e f(1)dt ~A~* as A— 0 means, in some weak sense,
that f(r)~t*"! as t — co. Theorem 2.1 is therefore stating that the diffu-
sion coefficient Dy ,(¢) is diverging as loglogs in a weak sense.

Fix a vector 6 in R?, r in R?*! and let 0 =0y, be given by

d d
o=y > rabiof. (2.3)
a=0 j=1

An elementary computation shows that for every A >0
o0
f dte ™ 1Dy (t) = yA 2012117 + A2 (o, (A= L)' o)).
0

Therefore, Theorem 2.1 follows from next estimate on the resolvent.

Lemma 2.2. Fix ¢ in RY and r in R¢*!. There exists a positive con-
stant Co=Cy(@, r) such that for sufficiently small A >0,

({0, .= L) o)) = Co loglog 17"

Notice that the piece of the current y{ls(n;) — Ia(n0)} vanishes for
the inner product ((-,-)). We may therefore ignore it in the computations
below.
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3. DUAL REPRESENTATION

Recall that we are fixing the chemical potentials to be zero: A; =0 for
0<j<d and that we denote by p the product invariant measure associ-
ated to this chemical potential. Unless otherwise stated, (f, g) stands for
the inner product of f and g in LZ(uo).

Denote by £ the finite subsets of Z¢ x V and by &, the subsets of £
with cardinality n, for n>0. For a set A in &, let W4 be the local function
defined by

vam = [] mx,v—1/21= [] &xv).

(x,v)€A (x,v)€A

By convention W4 =1, where ¢ stands for the empty set. It is not diffi-
cult to check that {W4:A € £} forms an orthogonal basis of L%(ug). In
particular, any local function f can be written as ), o f(A)W, for some
finite supported function §: £ — R. This latter function is called the Fourier
coefficients of the local function f and frequently denoted by T f. A local
function f is said to have degree n>0 if (T f)(A)=0 for any A in &f.

Notice that for any local functions f = ) ,.of(A)W4, g =
> pee 8(A) V4,

(f.8uo = D_(1/4)" Y f(A) a(A).

n=0 Aeg,

The factor (1/4) appears because we did not consider an orthonormal
basis since E, [&(x, v)?]=1/4.

We say that two finite subsets A, B of Z¢ x V are equivalent if one
is the translation of the other. This equivalence relation is denoted by ~
so that A~ B if A=B+x for some x in Z¢. Let &, be the quotient of &,
with respect to this equivalence relation: &, =&,/~, £ =£/~. An elemen-
tary computation (cf. Ref. 9) gives that

(f 8o = D_ (/4" Y F(A)a(A),

n=l A€é,

where

f(A) =" f(A+2). 3.1

ze7Z4
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Therefore, if we denote by ((-, -)) the inner product in L2(€) defined by

(Fa) =) _(1/4" > H(A)§A),

nzl A€é,
where §, g are defined by (3.1), we have that

((f: 8o = (T f, Tg)).

The goal of this section is to examine the action of the generators
L%, L on the Fourier coefficients. More precisely, to find operators L¢*,
L¢ such that LT =TL, LT=TL".

3.1. The Exclusion Operator

We start with the exclusion part of the generator which can be decom-
posed into its symmetric part S and its antisymmetric part 4 as given by

d
SHmM =y Y D D AfG 9y = fp},

veV xezd j=1

1 d
(AN = 5D (ej ) Y At v)=n(x+ej, HF ") = fOn}

veV j=1 xezZd

To examine the action of the symmetric part of the exclusion genera-
tor on the Fourier coefficients, we first compute SW4. An elementary com-
putation shows that for each set A in &,

d
SUa=y) > ). WAL cre;0 — Val

veV j=I xezd

provided Ax x+ejv stands for

A\ {(x,VPU{(x+¢;,v)} if (x,v)€A and (x+¢;,v) €A,
A\{(x+ej,)HU{(x,v)} if (x+e;,v)eA and (x,v) €A, (3.2)
A otherwise.
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In particular, for any local function f=)_,f(A)W¥,, a change of variable
B=Ay xte;v gives that

d
SF=y) Way DD {f(Arrte;) — (A}

Ae€ veV xezd j=1

Therefore, if we define the operator S as

d
SHA) =y Y Y Y {f(Arrre;0) —FA),

UEV}(GZd ]=1

we have that TS =ST.

We turn now to the antisymmetric part. To compute AW4(n), observe
that [n(y, w) —1/2]W, is equal to Wayu(y,w)} if (v, w) does not belong to
A and is equal to (1/4)W4\((y,w)} if (v, w) belongs to A because (n(y,v) —
1/2)>=1/4. In particular, a straightforward computation shows that

d
AWA:Z Z (ej - V{VAU[+e;.0)) — (1/DH WA\ ((x,0)}}
J=1 (x,0)eA
(x+ej,v)¢A

d
>0 ) (i /DA (et — Yauiewy) -
j=1(x+ej,v)€A
(x,v)¢A

In the first term on the right hand side, the second sum is carried over all
pairs (x,v) in Z% x V, such that (x,v) belongs to A and (x +ej,v) does
not. Therefore, if f =), ¢ f(A)W,4 is a local function, after elementary
changes of variables, we obtain that

Af =) (AD(A)W4

Ae€&
provided A=J +J_, where

d
DA =Y Y (ej-ff(A\{x+ej, D) —FA\{(x, 0D},

j=1 (x,v)eA
(x+ej,v)€eA
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d
AP =1/HY" > (e - {fAU{(x+ej, ) —FAU{x, 1))}
j=1 (x,v)¢A
(x+ej,v)¢A

and TA=AT.

Let L* =S+ A. Up to this point we proved that TL* =L T. This
operator L¢*, which is not a generator, can thus be decomposed in three
pieces, S, J+, J_. S is the symmetric part of L** and does not change the
degree of a function. In contrast, J; increases the degree by one, while J_
decreases it by one and J_ is the adjoint of —J;: (J_)*=—J,. In partic-
ular, J_ +J4 is anti-symmetric:

((Sf,9)) = ((1,Sg)) and ((J4+f, @) = —((f. J-g))
so that  (((J4+ +J)f. 9)) = —((f. U+ +J)g)) .

Moreover, a simple computation shows that in L(&)

Sf=0 for all functions f of degree one, (3.3)
J_f=0 for all functions § of degree two.

3.2. The Collision Operator

The remainder of this section is devoted to the collision operator. We
start defining a generator £{ and showing in Lemma 3.1 below that it is
of the same order as L° for our purposes. We conclude the section inves-
tigating the action of £{ on the Fourier coefficients.

Fix a site x in Z¢ and a point ¢ = (v, w, v, w’) in the collision set Q.
Let ¢'= (v, w,w’,v"). Denote by L, , the generator defined by

(Lag ) = p'(x,q, {Lf ™9 — fF()]+ LFroT) — Fl,
where
P'(x,q,n) =nx,v)nx, w)[1—n, ][ —nx, wH]

+1(x, v)nlx, w) [T =nlr, V][ =nlx, w].

Since the collision set Q is symmetric, we may rewrite the collision gener-
ator L€ as

L=/ Ly

xeZd qeQ
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Fix a site x in Z<¢. We start the analysis of the collision operator by
examining the generator L, ,. Since site x is fixed, we omit the index x
below so that £, =L, ;. We also denote by ¢ configurations of {0, 1}V and
by &(v) the function ¢(v) —1/2. Since m) given by (2.1) is a product mea-
sure on {0, 1}V, {[[,cp€E(w): BC V} forms an orthogonal basis of L%(myg)
if ]_[Ue¢,§(v) =1, where ¢ stands for the empty set.

Fix ¢ = (v,w,v',w’) in Q and let H, ={v, w,v’,w’}. Since £, only
changes the variables {¢(u):u € H,}, all other variables can be considered
as constants so that for any subset B of V,

L [Jeaw =[] cwey ] .

ueB u€B\Hy u€BNH,

A similar identity holds if we replace ¢ by &.
Let

P1(§) = £EW) +EW) — EW) - Ew),
$3(6) = EEWIEW) + EEWEW) — E@NEWNEW) — E@NEWNEW).

The index 1 and 3 stand for the degree of the functions involved. Straight-

forward computations give the following identities for degree one func-
tions:

L EW) = LyEw) = (1/2)¢1(8) + 23(£),
LEW) = LogW) = —(1/2)p1(8) — 2¢3(8).

Degree two functions vanish under the action of the generator:
L& W@)é(uz) =0

for uy, uy in Hy. To derive these identities we used that £, {£(v)+£(v")}=0
and similar equalities. Degree three functions are such that

LyE@EWEW) = LyEWEIEW) = —(1/8)$1(€) — (1/2)$3(5)
LyE@NEWNEW) = LiE@NEWNEW) = (1/8)p1(5) + (1/2)3(5) .

Finally, degree four functions vanish under the action of the generator:

L4EWEWEWHEW) =0.
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Here again, to deduce this equality we used that L {£(v)E(w)E(') +
EW)E(w)E(v)} vanishes as well as similar identities.

It follows from the previous formulas that the unique non zero eigen-
value —4 is associated to the eigenfunction ¥ =¢; +4¢3. In particular, the
generator £, can be written as

A%

Lol ==

v,

where (-, -) stands for the inner product in L2(mg). Denote by Ly, L43
the operators defined by

(fv¢1>
(&1, P1)

(f: ¢3)

Lo1f =—4
a.1f (@3, #3)

¢1 ’ E(j,3f =—4 ¢3

for ¢3 = 4¢3. Since ¢, ¢3 are orthogonal, an elementary computation
shows that

L, < 2Ly — 2Ly (3.4)

in the matrix sense.
If we reintroduce the index x, we obtain the operators

L5=1/4 YD Legj

xeZd qeQ

for j =1, 3. Notice that both operators keep the degree of local functions.
Indeed, for a local function f, an elementary computation shows that

E?f = — Z Z(f’ ¢x,q,j)x¢x,q,j

xeZd geQ

because (¢x g, j, ¢x,q,j)x =1 for all x, g and j. In this formula (-, ), stands
for the inner product with respect to mg(n(x,-)), which means that only
the variables at site x are integrated and ¢, , ; are the functions defined
by

brq1(n) = E(x, V) + E(x,w') — E(x,v) — E(x,w),
br.q.3(n) = 45(x, V)E(x, w)E(x, V) + 46(x, V)E(x, w)E(x, w")
—4g(x, v)E(x, wHE(x, v) — 45(x, V)E(x, w)HE(x, w).
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If f=Wp for some finite set B, an elementary computation shows that

(¥p, ¢x,q,j)x¢x,qﬂj

has the same degree as Wy for all x, ¢ and j, which proves the claim.
It follows from (3.4) that

—L° < 2L — 245,

In order to have a tractable algebraic expression for the collision
operator, we plan to substitute £¢ by L{. In order to estimate the third
degree terms we use the following lemma.

Lemma 3.1. There exists a finite constant Cy such that

Co ' ((fi =L =L )
S ULD—=LV ) < Collfo =L = L5y )

for every A >0 and every local function f.

The proof of this result is based on the lemma below whose proof is
similar to the one of Lemma 4.2 in Ref. 11.

Lemma 3.2. Consider a function w:& — R. Assume that there
exists £>1 such that w((x1, vy), (x2, v2), (x3,v3))=0 if |x; —x3| > £ or |x| —
x3| > €. Then, there exists a finite constant Cy depending only on @ such
that

Y FPEvoEn<C Y i v)(=SHex,v)

(x,v)e&3 (x,v)€&;3

for every finite supported function §: &3 — R.

Proof of Lemma 3.1. We claim that —L5 < —CoS for some finite
constant Co. Since L5 keeps the degree, to prove the claim we only need
to show that

(=L5f. f) < Co{=S . f)

for local functions of a fixed degree.
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Fix n>1 and a local function f of degree n. By definition of LS, tak-
ing conditional expectations we obtain that

(L5 ) =Y 2 E[f beg)?].

qeQ xezd

Since the velocity set is finite, by definition of ¢, 4 3, to prove the claim it
is enough to show that

> B[] <ol 1. ),

xezd

where B, ={(x, vy), (x,v2), (x,v3)} and vy, vy, v3 are three distinct veloci-
ties in V. Assume that f=), f(B)¥p. An elementary computation shows
that the expectation appearing on the left hand side of the previous
inequality is bounded above by

(/4" Y §(B),

BBy

where the sum is performed over all sets B which contain B,. In particu-
lar, if for a finite set A={(x1, v1), (x2, v2), (x3, v3)}, we set

p(A)? = (1/4)" Y {(B),

BDA

where the summation is performed over all sets B which contain A, we
just proved that

(—LSAH < Y Y e, v, (x, v), (x, v3)))°

V1,02,V3 xeZd

By Lemma 3.2, this expression is less than or equal to

Co Y px 0)(=Sp)(x,v) < Co(=Sf. f).

(x,v)e&s

Last inequality follows from Schwarz inequality and concludes the proof
of the claim. Here and below, Cp, ag are constants whose value may
change from line to line.
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Since —L5 < —CyS, we have that — =2(L] + L5 < —Co(S+ L))
and

A=8 - L <ap{r - S — L]}

for some finite constant ap>1 and all A > 0.
On the other hand, since £5> CoS and since (a — b2 > —-eg)a*—
(e~ —1)b? for every 0 <e <1, a straightforward computation shows that

1—e) ., - 1-
L > —(2_“’“)561 N (82_)53 > ¢ S)U +Coe =S

for some finite constant Cp. Here the factor 1/2 appeared because
(W, ¥y =2 ($1, d1) =2(3, ¢3). If we choose ¢ small enough for Co(e ! —1)
<1, it follows from this inequality that

A=S—L>n— L5 —{1-Coe™' = D}S
>ay ' {1 - 8 - £f)

(I1-9)
2

for some finite constant ay> 1 and all A > 0.
Up to this point we proved the existence of a finite constant ag > 1
such that

ag'{r — L] =S} <A =8 — L <aplr — S — LS} 3.5)

for all A >0.

It remains to add the asymmetric part of the exclusion generator.
Denote by R* (resp. R%, R*) the symmetric part (resp. asymmetric part,
adjoint) of an operator R. It is well known that

{(R—l)s}_l — R*(RS‘)—lR — RS + (Ra)*(RS)—lRa .
In particular, for every A >0,

({(A—ﬁ)*l}s)_1 = (L —8—L) + A (—8—L) 4.
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In view of (3.5), there exists a finite constant ap > 1 such that

—1
)

——

(h=S=L5) + A= - L)~ 4]
SA=8S—LY)Y+ A QA-8-L)'A
<a(-S—£) + A6 —S-£)7' 4]

so that
ag =L —£HV <{o -0~ <apo— £ —£H7Y,

which proves the lemma in the case of the inner product of LZ(ug). The
extension to the inner product ((-,-)) is standard (cf. Ref. 12). |

We conclude the section examining the action of L] on the Fourier
coefficients. For any local function f =), ¢ f(A)W4, a simple computa-
tion shows that

f =D LSHA) YA,

A&

where

LEHA) = (1/4) YY" ig(AD{AS UL(x, v)) + (A U{(x, w))

qeQ x
—fAS U{(x, 0)}) — f(AS U{(x, w)}}.
In this formula, g = (v, w, v’, w’), A, stands for the set of velocities u such
that (x,u) belongs to A: Ay ={ueV:(x,u) e A}, A for the set of points

(y,u) in A with y#x: A{={(y,u)eA:y#x} and if i;(Ay)=1if A, is an
incoming velocity, —1 is A, is an outgoing velocity and 0 otherwise:

iq(A) = HAy = {v}} + HA, ={w}} — HA={'}} — HAc={w'}}.

With this notation we have that TL{ =1L{T. Notice that —IL{ is a non-
negative symmetric operator in L2(&,) and that

LR = D02 Eno (b3
x q
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4. CUTOFF OF LARGE DEGREES

For n>1, let G, =Uj<k<n&n. Denote by m, the orthogonal projec-
tion on L2(&,), by P, the orthogonal projection on L?(G,) and by £, the
operator £ + L] truncated at level n: £, = P, (L + L{) P,. In particular,

f=2>17f and Py=3"1 i, 7).

To investigate the asymptotic behavior of ({0, (A — L% — L y~lo)), for
A >0 consider the resolvent equation (A — L — L{)u; =o. In the Fourier
space, the equation becomes the hierarchy equations

3w+ (A =S —-L)mw, =0,
I meun + (A =S~ ]Lf)nkuk —Jime_quy =0, for k>3
because Ji = —J_ and because o has degree 2. The hierarchy starts at

degree 2 instead of 1 because the degree one equation is trivial. Indeed,
by (3.3), S+L{)mu; =0, J_mu; =0, so that the degree one equation

—J_mouy + (A —S—Li)ﬂ]u)L =0

becomes myu;, =0. Hence mju, plays no role and we can set wju, =0.
Notice that we are using the same notation o for the local function
defined in (2.3) and its Fourier transform o:& — R which is given by

d
o(A) =6; ro(ej-v)+Zra(ea~v)(ej-v) 4.1)

a=1

if A={(0,v), (¢j,v)} for some v in V, 1< j<d, and o(A)=0, otherwise.
Consider the truncated resolvent equation up to the degree n:

Timsupn + (A —S—L)mux n =0,
T miuan + (A =S —=L)mwy p — Jymp_qun n =0, 3<k<n—1,
(A =S =L)maw n — I 4 mu—1up,n =0.
4.2)

We can solve the final equation of (4.2) by

Uy, n = (A — S— Lcl‘)iln]]—i-nnfluk,n .
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Substituting this into the equation of degree n — 1, we have

‘ -1
Tp—1Up,n = I:()\ —-S— LL]) +Ji()‘ -S- Lcl)ilv]]+:| qH+7'[1172u)u,n .
Solving iteratively we arrive at
7T2uk,n = 7;10 ’

where the operators {7,,n >2} are defined inductively by
-1
T=0-5-1p7", T={0-S-LO+7 0] . @)

The truncated equation represents the solution of (A —L£,)u, , =0 and
hence ((mouy . 0)) = ({0, (A — L,)"'o)) so that

({0, o — L) o)) = ({0, Ty0))

where, for example,

-1
Ti={0-S-L)+I--S-L)7'L}

Ta = [(,\—S—Lj‘)+J_{(A—S—Lg)+ﬂ_(x—S—Li‘)“J+}_1J+]_1 :

Lemma 4.1. For each A >0, ((o,(A — Loy41)"'o)) is an increas-
ing sequence which converges to ({o, (A — L — £f)_1o)) and ({(o, (A —
L) 'o)) is a decreasing sequence which converges to ({0, (A — £ —
£H o).

Proof. Since 1 —S—L{ is positive, it is easy to show from the defi-
nition of the sequence of operators 7, that 0 <73 <7, and that 7, <7, if
Tn—1=>7,_1. In particular, {7y, k> 1} is a decreasing sequence, {71, k>
1} is an increasing sequence and 741 <7p; for any k, j > 1:

({0, o= L) o)) < (o, A —Ls) o)) < -+
< (o, A= L) lo)) < ({0, = L2) o). (4.4)

To check that ((o, (A — L — Ef)_lo» is in fact the limit of these
upper and lower bounds we use the variational formula. For any matrix
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M, let M, denote the symmetric part (M + M*)/2. The identity {[M _l]x}_1
=M*(M,)"'M always holds, and thus we have

({0, . — L — L) 7Lo))

= sup {20(0. ) = (G = £ = £, (=5 =Ly ™! = £ L.
(4.5)

where the supremum is carried over all finite supported functions §: £ — R.
Note that

(A= L5 = LO], A =S =L o — £ = LDHf))
= ({f, A =S —=LON) + ((Af, . =S =L TAf),

where A=J, +J_. Hence,
(o (= £% = £5)" ) =supin {2((o — 4%, )
—(f. A =S =LA + (8. A =S—Lan .

Let a, denote the supremum restricted to finite supported functions in f in
L%(G,), and a” denote the infimum restricted to finite supported function
g in L?(G,) so that a, 1 ({0, (A — L= — L£)"'o)) and a" | ({0, (A — L= —
Ei)_la)). By straightforward computation one checks that a, < ({(o, (A —
L)~ lo)) < a”, giving the desired result. [l

In what follows we will present a general approach to the Egs. (4.2)
which, from (4.4) gives a nontrivial lower bound on the diffusion coeffi-
cient. Because it gives a sequence of upper and lower bounds, the method
has the potential to give the full conjectured scaling of the diffusion
coefficient.

5. REMOVAL OF HARD CORE

From Lemma 4.1 of the previous section we have a lower bound
at degree three. However, computations are complicated due to the hard
core exclusion. We follow Ref. 11 to remove the hard core restriction in
the formulas and then perform explicit computations in Fourier space. By
removal of the hard core, we mean replacing functions defined on &, by
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symmetric functions defined on E, = (Z¢ x V)" and replacing operators
acting on &, by operators acting on E,.

We first identify a function f:&, — R with a symmetric function
f:E,—R. Denote by 0, =(wy, ..., w,), w; =(x;, v;), the points of E,. For
n>1, let

Ey1={op: 0 #wj, for i#j} (5.1)
and define
_ f({wl”a)n}) ifwnEEn,ly
Fl@n) = :() otherwise.

With the notation just introduced,

1
Enp | | Do Ta¥a | == D flon)’.

AEgy, p EEn

For a function f: E, — R, we shall use the same symbol (f) to denote the
expectation

1
a4 Z S (@)

w,ekE,

and write the inner product of two functions as (f, g)=(fg). If f and g
vanish on the complement of E, i, this coincides with the inner product
introduced before. We also define, as before, ((f, )=, cza(Tx [, 8)-

Let E=Uy>1Ey, Gy=U1gj<nEj. We use the same symbol 7, P, =
Z1g j<n i for the projection onto E,, G,. As before, there is a sim-
ple formula for the inner product ((-, -)). Consider two finitely supported
functions f, g: E,;, — R. By definition,

n4(fe) =Y flent+dg@) =Y fl@n)g@n),
wnEEt;n wy€E,
€

where @, +z=((x1 +z,v1),..., (xn +2, vp)).
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Denote by ~ the equivalence relation on E, defined by w, ~w), if for
all 1<i<n, v;=v], x; —x/ =z for some z in 7%. Let E,=E,|_. Since sum-
ming over all sites in E,, is the same as summing over all equivalence clas-
ses and then over all elements of a single class, the previous sum is equal
to

Z Z f(wn +2)g(@p +2) = Z f(wn)g(wn)

wnek, z€74 wn€k,

because f (w, +2)= f (wy). It remains to choose an element of each class.
This can be done by fixing the last coordinate x, to be zero. In conclusion,

nAN(fg) =D D @108 @), (52)

veVw,_1€E,_1

where

[ @n1,0) = ) f(1+2,00, - (o1 +2,001), @) . (5.3)

z€74

Here again we see that the translations in the inner product effectively
reduce the degree of a function by one.

We derive now explicit formulas for the operators S, A, acting on
symmetric functions of E,. An elementary computation shows that

d n
SH@) =y DY > UV 0, €E 1}V, f(@n)

k=1 i=1 (=%

if , belongs to E, | and (Sf)(w,)=0 if w, does not. Here, for ==,

Vi@ = (@1, ..., 01, (Xi + e, i), @iy, .., @n),

Vieif (@n) = f (Vi j0n) = f(@n) .

Note that S is the discrete Laplacian with Neumann boundary condition
on E, 1. In the same way,

n d
e H@n) =YY > (e v)l{xj +ex=xi,v; =vi}Vy f(@n) (5.4)

i=1 j#i k=1
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if w, belongs to E, | and (J1 f)(w,) =0 otherwise. Here,

VY f@n) = f@l) - f(@))
J

and the index j in w{; indicates the absence of w; in the vector w,: w,; =
(w1,...,0j_1,Wj41,...,w,). Finally, notice that

LS F)@n) = /5 D> ig(wplxe #x; for k# j}
qeQ j=I1
[f(Uj,u/wn) + f(aj,w/wn) - f(aj,vwn) - f(aj,wwn)] s

if w, belongs to E,; and (L{f)(®,) =0 otherwise. Here, o; 0, =
(@1,...,0j1, (Xj,u),Wj11, ..., o).

We now extend the operators S, J;+ to symmetric functions not neces-
sarily vanishing on E, ; by formulas analogous to the ones above, except
that we drop some indicator functions. Let S, J4 and L{ be the operators
defined by:

n d
(SF)(@n) = y(AF) @) =7y Y Y > (Vi F) @),

i=1t=%k=1

n d
e F) @) = DY > (e v)l{xj +ex=xi, v =0}V’ F(@,) and

i=1 j#i k=1

(L @) = (1/4) Y Y i) {xi#x; for k# j)
qeQ j=1
[f(Uj,v’wn) + f(o'j,w’wn) - f(Uj,vwn) - f(o'j,wwn)] .

Notice that (L{F)=(J+F)=0 if (|F|) <oo and hence the counting
measure is invariant. Let

L=S+L+J;.

and denote by L, = P,L P, the restriction of L to G,. Following Section 4
in Ref. 11, we prove the next result which permits to avoid the hard core
interaction of the exclusion.
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Proposition 5.1. In dimension d =2, there exists a finite constant
Cy such that

({0, 0o — L) 'o)) < (o, A — L) 'o)) < Con*((o, L — Lp) o).

Con®

for all A>0.

The proof of this proposition is similar to the one of Lemma 3.1 in
Ref. 11 and therefore omitted. The main difference is to prove Lemma 4.3
in Ref. 11 with S+ L{, S+L{ in place of S, S and this is elementary.

The special case n =3 combined with Lemmas 3.1 and 4.1 tells us that

({0, . — L)L) = Col{o, (h—L3) 1))
6. FOURIER COMPUTATIONS

To bound below ((o, (A — L3)~'o)), define the Fourier transform of a
function f: (Z¢ x V)" — R by

/f\(pn’ vn) = Z eiixn.P"f(xns vn)

x,eznd
for p, e (R?/2774)". Here we represented w, = (w1, ..., wy,), w; = (X, v;),
as (x,,v,) with x, =(x1,...,x,) € (ZD", v, =(v1,...,v,) €V

An elementary computation together with (5.2) shows that for any
local functions f, g of degree n,

1 ~ ~
((f.8) = m Z f[_n - F(Pn—1> )@ (Pp—1. V) dp, -

v, eV

In this formula, f=Tf, f* is defined by (5.3) and f;‘ is the Fourier trans-
form of (f*)(x,_1,v,). Expressing f* in terms of f we further obtain that

1 -~ ~
((f. &) = m Z / [, 7] [P ) §(Py. V1) dp,, -
V€V T3 < icn Pi=0
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Fix a symmetric function f: (Z¢ x V)" — R. The Fourier transform of
the discrete Laplacian acting on f is given by

_/A'\f(pna vn) Z/f\(pnv vn)W(pn) s

where
n n d
W) =) Wpj =7 D (1-cos(p;-en)
j=1 j=lk=1
if p,=(p1,..., pn). Notice that we are using the same notation W(-) for

slightly different objects. Moreover, for n =2, a straightforward computa-
tion shows that

d
Tf (1. p2. p3. v3)=—i Y Y 1{vg, =05y} (¢j - Voy)

j=1 o
x{sin(e; - pg)+sin(e; - poy)} {(Po;+Poys Poys Voys Va3 )s

where o runs over all permutations of degree three.
We are now in a position to state the first estimate based on Fourier
arguments.

Lemma 6.1. Fix a symmetric function §:(Z¢ x V)> — R. There exists
a finite constant C( such that in dimension 2,

(I35, o= A3) LI
< Co Z/ dp W (p) [log(k 4+ W (p)I [(p, —p; vi, v2) |2
_ﬂﬂ]Z

vl,v2€V

The proof of this result is similar to the one of Lemma 3.2 in Ref. 11
and therefore omitted.

For 0<j<2, let I; =TI;, 0<j<2 be the symmetric functions in E,
associated to the conserved quantities. An elementary computation shows
that

Ipw)y=1, Li(v)=er-v, L) =er-v.

Let Q be the non positive symmetric matrix corresponding to the
operator L acting on functions depending only on one site. Notice that



Superdiffusivity of Two Dimensional Lattice Gas Models 991

I,, a=0, 1, 2, are eigenvectors of Q. Denote by {I,, 3<a < |V|—1} the
other eigenvectors of Q and by {q,, 0 <a < |V|— 1} the corresponding
eigenvalues. Since Iy, I;, I, are associated to conserved quantities, gy =
q1=¢9>=0. Let O be the orthogonal matrix which diagonalizes Q:

D=0*00.

For n>1, let

n

0,=) 1®®0® ®I.

i=1
Since L{ has an indicator function, we have that 0 < —L¢<—Q,. More-
over, O, can be diagonalized by O, =0%": D, =0}0,0,, where D, =
YI®---®D®---®I. Notice that the Laplacian commutes with these
matrices.

As in section 4, we can represent (A—L3)'o in terms of the opera-
tors S, J4 and L to obtain that

- ¢ N -1
(o, (A= L) o)) = (0. (A= A= L{+ TF (0= A= LTI} o).
Since 0< —L! < —Q,, the previous scalar product is bounded below by
* - -1
(o A= B0= Q2+ T = A" 4} o).

Recalling that Q> =0,D,0; and that A commutes with the operators O,
we rewrite the previous expression as

(O%0, {h— Dy =Dy + O35 (= A3) 11,01} ' O%0)) .
To keep notation simple, let Q= {1 — Ay — Dy + O5J5 (A — A3)~1J,05}7!
and denote by 7 the projection onto the eigenspace corresponding to the
zero eigenvalue of D,. By Schwarz inequality, for any function H,

((H,QH)) =z (1/2)((mH, Qr H)) — ((1 —7)H, Q(1 —7)H)).

We claim that (((1 —7)Oj0, (1 —7)O30)) is bounded by a finite
constant. Indeed, by definition of €,

((1=7)050, Q1 —7)030)) < ({(1 =7) 030, (=Dy) ™' (1 -7)O50)).
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Since (1 — ) is the projection on the positive eigenvalues of D;, the pre-
vious expression is less than or equal to a finite constant which depends
on a lower bound for the positive eigenvalues of Q and an upper bound
for o.

The following lemma is needed to estimate ((7 050, Q7 O30)). Recall

that ‘7=20<a<d Zlgjgd raé’jaj?’.
Lemma 6.2. 7030 =0 if and only if 6 =0 or r =0.

Proof. Assume that 7050 =0 and assume without loss of general-
ity that 0; £0. Fix the component {0, e;}. Since 7 is the projection of the
eigenspace of D, associated to the zero eigenvalues, 7050 =0 if and only
if the scalar product of o with (I, I;) vanishes for 0<a, b <2.

An elementary computation based on the explicit expression (4.1) for
o shows that

o (Lo, Tp) = 01 Y Ta() T (0) {roCer -v) +ri(er - v)> +raer -v)(e2- )} .
veV

Setting a =0 and b=1 we get that

01 {roler-v)*+rier-v)’ +ra(er - v)*(e2-v)} .
veV

The last two terms vanish due to the symmetry of V. Hence rg = 0.
Repeating the same argument with a=b=1 (resp. a=1, b=2), we obtain
that r; =0 (resp. r» =0). This concludes the proof of the lemma. |

We are now in a position to bound below
(RO%0, {h— Ay —Da+ O3 J5 (A — A3) T 1L 0} 172 0%0))

Fix a function G in the image of 7. By the variational formula for
the H_; norm, the previous scalar product with G in place of 7030 is
equal to

sup 24(G, )~ ((F. = 80= Do)~ (O:F, J16—83) 7 L O F)) |

where the supremum is performed over all local functions F. Restricting
this supremum to functions in the image of 7 we obtain a lower bound.
In this case we may remove the operator D, because 7 is the projection
onto the space associated to the zero eigenvalues of D,.
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Lemma 6.1 and a straightforward computation show that
((O2F, JE (L= A3) "' TL O F))

is bounded above by the right hand side of the statement of Lemma 6.1.
Now, repeating the arguments presented in the proof of Lemma 3.3 in Ref.
11, we obtain that the previous variational formula is bounded below by

Sen o 2
COZ/ |G(p, —p, v2)| dp
oy J-7m)? A+2W(p)+ C1W(p)|log{r+ W (p)}|

for some finite constants Cy, Ci. We used here that G is in the image of
7 because we needed the function F which maximizes the supremum to
be in the image of 7. The factor 2 appeared because W(p, —p) =2W(p).

Replace G by 7Ojo. It follows from the previous lemma and ele-
mentary computations that sz 7050 (p, —p, v7)|? is bounded below by

a positive constant close to the origin. The previous expression is therefore
bounded below by

1
C/ d
O Jiceer A 2W(p) + CIW (p)lTogh+ Wpyy ¥

for some € > 0. Changing to polar coordinates, since there is no angle
dependence, we get an integral of the form

/'p rdr /'p —rdr
0 A+r22—Crlogh+r2)) Jo O +rHlogh+r2)

for some p >0. By the change of variables u = —log(x +r2) we finally get

—logx d
N/ —u~loglog)ﬁ].
_1ngz u

This proves Lemma 2.2.

Recall the recursive relation (4.3). If we denote the limit of 7, =7,
then it satisfies the equation

T=[c —S—Lg)w_rm]_l .
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We now assume that the dispersion relation of 7! is given by

K

Z (pj){ [log [ A+1D W(p)

j=1

for some « > 0. Write Z/ 1 W(pj)=u+ W(p1) where u = ZJ > W(pj).
Suppose that we are interested in u >A. Then J_7 '] is approximately
given by

1
dp~ullogu'™ (6.1
/[—e,e)z u+W(p)+ @+ W(p))|log{u+ W(p)}|¥ p~ullogu| (6.1)

For u > A we have
T =-S-LO+I- T ~T- T,

Thus we have k =1 —« and this gives the value x =1/2. This is precisely
the exponent derived in Refs. 2, 5.

Notice that the exponent is different from the ASEP which takes the
value k =2/3.0% This is because that the dispersion law is changed only
in one direction for ASEP. In the fluid model considered here, the collision
operator spread the dispersion law to all direction. This causes the expo-
nent on the right side of (6.1) to be 1 —«, compared with 1 —«/2 in Ref.
15. This sketch is certainly not rigorous since it is not even clear where
the operator 7 should be defined. Though one can try to prove upper and
lower bound as in Ref. 15, it is not clear that the off-diagonal terms can
be controlled. However, the exponent 1/2 seems to be very convincing.
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